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Abstract
Equivariant elliptic cohomology and twisted equivariant K-theory are both related to the rep-
resentations of loop groups. After making these relationships precise, we propose a map from
twisted equivariant elliptic cohomology to twisted K-theory of the inertia stack using equivari-
ant de Rham models. This proposal agrees with the Freed-Hopkins-Teleman q = 1 map from
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Algebraic topology has produced at least two dierent approaches to the representations of loop
groups. Let LG = Map(S1,G) denote the group of maps from the circle into a compact Lie group





where q is the modular variable exp(2πiτ) and an ∈ R[T ]. Grojnowski [Gro07] and Ando
[And00] show these characters can be interpreted as sections of a line bundle L over Ť ⊗ C,
where C = C×/qZ is a family of elliptic curves and Ť is the cocharacter lattice of the maximal
torus. This produces an isomorphism from twisted G-equivariant elliptic cohomology of a point
to the free abelian group of irreducible representations of LG of a given level:
EllG(pt. ; L⊗k) ' Repk(LG).
We discuss elliptic cohomology of a point and describe this isomorphism in Section 2.1. On the
other hand, Freed, Hopkins and Teleman [FHT11], [FHT08] showed that the twisted K-theory
of the quotient groupoid G//Gc is also isomorphic to the free abelian group of irreducible repre-
sentations of LG of a given level:
Kf (k)(G//Gc) ' Repk(LG).
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Here G//Gc denotes the groupoid where G acts on itself by conjugation. This connection is more
mysterious. Freed, Hopkins, and Teleman calculate Kf (k)(G//Gc) and nd it has a description in
terms of distributions. They observe that these distributions correspond to setting q = 1 in the
characters in Equation (1.1). Note that an approach such as distributions is essential since setting
q = 1 results in a non-convergent formal sum. We discuss the theory of twisted equivariant
K-theory in Chapter 3.
A natural question is how are these two twisted equivariant cohomology theories related?
We tackle this question by making use of an equivariant de Rham model for twisted equivariant
elliptic cohomology as developed by Berwick-Evans and Tripathy in [BT]. We introduce this
model in Section 2.2. In Chapter 4, we introduce the K-theory of inertia stacks and dene an
equivariant de Rham model for the twisted K-theory over C of the inertia stack of the quotient
groupoid X//G, where G is a group acting on a manifold X.
Finally in Chapter 5, we propose a map between these two equivariant de Rham cohomology
models which corresponds precisely to setting q = 1. As evidence for this proposal we have the
following theorem.
Theorem 1.0.1. When X is a point, the proposed map from the I-twisted G-equivariant elliptic
cohomology of X to the complexied I-twisted K-theory of the inertia stack Λ(X//G)
EllIG(X) // K
I (Λ(X//G))⊗C
corresponds to the Freed-Hopkins-Teleman q = 1 map from characters of representations of loops
groups to the distributions associated to the twisted equivariant K-theory of G//Gc.
Notation 1.0.2. Unless otherwise noted, throughout this workG is a simple and simply connected
compact Lie group, T ⊂ G is the maximal torus and W = N (T )/T denotes its Weyl group. The











Twisted Equivariant Elliptic Cohomology
Let E = Eτ denote the xed elliptic curve C/τZ ⊕ Z for τ in the upper half plane. For the
cocharacter lattice Ť = Hom
Z
(T ,T ) we dene
ET = Ť ⊗Z E.
In [Gro07], Grojnowski denes complex G-equivariant elliptic cohomology of X, denoted by
EllG(X), as a sheaf over ET /W in terms of Borel equivariant cohomology. This is the starting
point of our view of complex equivariant elliptic cohomology.
In Section 2.1, we discuss how elliptic cohomology is related to representations of loop groups.
To understand this connection, we observe that twisted G-equivariant elliptic cohomology of a
point is isomorphic to W -invariant sections of the Looijenga line bundle
EllG(pt.,L(G)) ' Γ (L(G))W . (2.1)
In Section 2.2, we describe Berwick-Evans and Tripathy’s de Rham cohomology model for
twisted equivariant elliptic cohomology [BT]. This is the model we use explicitly to construct a
map to K-theory.
4
2.1 Elliptic Cohomology and Representations of Loop
Groups
In this section, we describe the relationship between twisted G-equivariant complex elliptic co-
homology of a point and representations of LG of a xed level. Using Equation (2.1) this reduces
to nding a map from sections of the Looijenga line bundle over Ť ⊗C to characters of represen-
tations of loop groups. This will be done using the Kac character formula.
We rst describe how the twists in elliptic cohomology arise. We are interested in twists
arising from a degree-four characteristic class ξ ∈ H4(BG;Z). When G is a connected compact
Lie group the following natural maps are rational isomorphisms by the splitting principle
H2(BG;Z)→H2(BT ;Z)W ' T̂W
H4(BG;Z)→H4(BT ;Z)W ' (S2T̂ )W ' Hom(Γ2Ť ,Z)W (2.2)
where Γ2Ť is the second divided power algebra of Ť .
Remark 2.1.1. When G =U (n) these are in fact integral isomorphisms. We can see this by calcu-
lating cohomology using the Serre spectral sequence and then applying the splitting principle:
Z[c1, c2, . . . , cn]
' //
Z[x1,x2, . . . ,xn]W








Recall that ΓnŤ is generated by Z-module maps γn : Ť → ΓnŤ that satisfy:
1. γ0(x) = 1
2. γn(kx) = knγn(x) for k ∈Z
5









Using the properties of the maps γn we can write the following formula:
γ1(a) ? γ1(b) = γ2(a+ b)−γ0(a) ? γ2(b)−γ2(a) ? γ0(b).
From the equivalences in Equation (2.2) a degree-four class ξ ∈ H4(BG;Z) gives a W -invariant
homomorphism I : Γ2Ť → Z. Using the above formula we can write the following equation
containing I , γ1, and γ2:
I(γ1 ? γ1)(a,b) = Iγ2(a+ b)− Iγ2(b)− Iγ2(a). (2.3)
We will abuse notation and write I for the the composition
Ť × Ť γ1×γ1




Denition 2.1.2. IfA and B are abelian groups, a function f : A→ B is quadratic if the following
hold
1. f (0) = 0
2. f (x+ y + z)− f (x+ y)− f (y + z)− f (x+ z) + f (x) + f (y) + f (z) = 0
3. f (−x) = f (x)
The following proposition can be found in [Lak].
Proposition 2.1.3. γ2 : A→ Γ2A is the universal quadratic function out of A.
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Proof. First we check that γ2 is quadratic. For condition (1), γ2(0) = 0 since it is a group homo-
morphism. For (2) we calculate
γ2(a+ b+ c) = γ2(b+ c) +γ2(a) +γ1(a)γ1(b+ c) =
γ2(b) +γ2(c) +γ1(b)γ1(c) +γ2(a) +γ1(a)(γ1(b) +γ1(c)) =
γ2(a) +γ2(b) +γ2(c) +γ1(a)γ1(b) +γ1(a)γ1(c) +γ1(b)γ1(c).
Collecting the following formulas
γ2(a+ b) = γ2(a) +γ2(b) +γ1(a)γ1(b)
γ2(b+ c) = γ2(b) +γ2(c) +γ1(b)γ1(c)
γ2(a+ c) = γ2(a) +γ2(c) +γ1(a)γ1(c)
we can conclude
γ2(a+ b+ c) = γ2(a+ b) +γ2(b+ c) +γ2(a+ c)−γ2(a)−γ2(b)−γ2(c).
For (3), γ2((−1)x) = (−1)2γ2(x) = γ2(x). The universality follows from the universal map prop-
erty of the divided power algebra: γ2 is the image of the identity under the map
ψM(B) : HomZ−alg(Γ2(A),Γ2(A)) −→ HomZ−mod(A,Γ2(A)).
So for any quadratic map φ : A → B, there is a map ϕ : Γ2(A) → B such that φ factors as
φ = ϕ ◦γ2.
7









φ is quadratic since γ2 is and I is a group homomorphism (Z-module map). This also implies
that φ(na) = n2φ(a) for n ∈Z. Rewriting Equation (2.3), we get the following equation






Both φ and I(−,−) are invariant under the Weyl group action since I is certainly invariant under
W and the γn are W -equivariant:
φ(w · x) = I(γ2(w · x)) = I(w ·γ2(x)) = Iγ2(n) = φ(x)
for x ∈ Ť and w ∈W .
We now show that there is an isomorphism from W -invariant of sections of the kth tensor
power of the Looijenga line bundle to level k representations of LG. Consider the following
family of elliptic curves C = C×/qZ, parametrized by q = exp(2πiτ) for any τ in the upper half
plane. We can build a W -invariant line bundle over Ť ⊗C in the following way.
L(φ,I) = (Ť ⊗C
×)×C
(z, t) ∼ (zqn, tz−Ĩ(n)q−φ(n))
(2.4)
where Ĩ : Ť → T̂ is the adjoint of the map I above. This line bundle is called the Looijenga line
8





Ť ⊗C Ť ⊗C×oo
Since the points z and zqn are identied under the image of the covering map and n · z = zqn for
n ∈ Ť , the point (z, t) ∈ (Ť ⊗C×) ×C must be identied with n · (z, t) = (zqn, tz−Ĩ(n)q−φ(n)). A
section of L is a map such that
f (zqn) = z−Ĩ(n)q−φ(n)f (z). (2.5)
So we can dene sections of the Looijenga line bundle Γ (L(G)) to be the group of power series
f ∈ (Z[T̂ ])((q)) satisfying Equation (2.5).





Through a straightforward calculation we see that gv,k satises the translational property
gv,k(zq
n,q) = q−kφ(n)z−kĨ(n)gv,k(z,q)
which gives us the following lemma.
Lemma 2.1.5. The function gv,k is a section of Γ (L(G)⊗k).
Proposition A.9 from [And00] states that for v ∈ T̂ /kĨ(Ť ) and k > 0 the functions gv,k form
a C-basis for sections of the kth-tensor power of the Looijenga line bundle L(I,φ). We intro-
duce some notation that allows us to state the Kac Character formula. This gives the desired
isomorphism from sections Γ (L(G)⊗k)W to characters of Repk(LG).
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Now we can state the Kac character formula. The character of the level k representation
corresponding to v ∈ T̂ /kĨ(Ť ) is given by
χv,k(t, z,q) = t
kAv+ρ,k+ȟ/A (2.6)
where ȟ is the dual Coexter number and ρ is one-half the sum of the positive roots. This induces
an isomorphism between representations of LG of level k and twisted G-equivariant elliptic co-
homology of a point.
2.2 An Equivariant de Rham Cohomology Model
In this section we describe Berwick-Evans’ and Tripathy’s equivariant de Rham cohomology
model for twisted equivariant elliptic cohomology over C [BT]. For β a formal variable of degree






of germs of holomorphic functions at 0 ∈ t
C
valued inΩj(N,C[β,β−1]). Invariance of the group
H is taken with respect to the adjoint action on t
C
and the H-action on N . The grading is
determined by the total grading from dierential forms and the graded ring C[β,β−1]. Finally,
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we equip this modied version of the Cartan complex with the usual Cartan dierential. See
[Mei06] for more details on the Cartan model.
Now letM be a compact manifold with a G-action and let τ ∈H ⊂C be a point in the upper
half plane dening the elliptic curve Eτ = C/(τZ⊕Z).
Notation 2.2.1. We will use this in the following denitions. First let C(h1,h2) ⊂ G denote the
closed subgroup of elements that commute with the closed subgroup 〈h1,h2〉 ⊂ G generated by
h1 and h2. Let h1,h2 ∈ G be a pair of commuting elements, X1,X2 ∈ Lie(C(h1,h2)), and let ε ∈R
be a real parameter. Set hε1 = h1e
εX1 and hε2 = h2e
εX2 and suppose they are a pair of commuting
elements in G.
Let Mh1,h2 ⊂M be the submanifold xed by the action of 〈h1,h2〉 ⊂ G. Then by Block and
Getzler’s Lemma 1.3 [BG94] there exists a small open ball B around the origin in Lie(C(h1,h2))









In other words, xed point sets and centralizers can only get smaller for suciently small defor-
mations of pairs of commuting elements.






for every pair of commuting elements h1,h2 ∈ G satisfying
1. Invariance: For all g ∈ G let Lg :Mh1,h2 →Mgh1g
−1,gh2g










∗ωh1,h2(Z + ε(X1 − τX2))









2 ↪→Mh1,h2 and i : C(hε1,h
ε
2) ↪→ C(h1,h2).
Now we consider the twisted variant. Let T ⊂ G be the maximal torus and W the Weyl
group. Recall from Section 2.1 that the Looijenga line bundle is a W -invariant line bundle on
Eτ ' T × T that depends on the elliptic curve Eτ and a W -invariant bilinear map I on Ť . We
require I(n,n) ∈ 2Z as discussed in Section 2.1.





(M h̃1,h̃2 ; C[β,β−1])
for every pair h̃1, h̃2 ∈ t satisfying Invariance (1) with respect to the Weyl group, W , since we
are working relative to the maximal torus and Analyticity (2) as stated in Denition 2.2.2 along
with









The equation in property 3 is precisely the descent condition for the Looijenga line given in
Equation (2.4) where
z = h̃1 − τh̃2






K-Theory and Representations of Loop
Groups
In this chapter we discuss how the Freed-Hopkins-Teleman twisted equivariant K-theory is re-
lated to representations of loop groups. Twisted K-theory is developed by Atiyah and Segal in
[AS04]. Their point of view starts with the following denition of K-theory
K0(X) = [X,Fred(H)]
where Fred(H) denotes the space of Fredholm operators on an innite dimensional Hilbert space
H. Recall that a linear operator T :H→H is Fredholm if dim ker(T ) and dim coker(T ) are both
nite. Atiyah and Segal dene the twisted K-theory of a spaceX as follows. Let P be a projective
bundle on X with ber P(H). Then there is an associated bundle Fred(P ) with ber Fred(H).
Dene the P -twisted K-theory of X as the set of homotopy classes of sections of Fred(P ). Up
to equivalence the twisting corresponds to a class in H3(X;Z). They also dene an equivariant
version of twisted K-theory starting with a bundle P of projective spaces on which G acts. The
map on bers Px→ Pg·x is a projective isomorphism. When P satises certain conditions (see pg.
28 of [AS04]) it makes sense to deneK0G,P (X) as the group of homotopy classes ofG-equivariant
continuous sections of Fred(P ). In the equivariant case, the twisting corresponds to a class in
H3G(X;Z) up to equivalence.
We are interested in studying the twistedG-equivariantK-theory of Freed-Hopkins-Teleman
where G acts on itself by conjugation. In this chapter, we allow G to be a compact connected
Lie group with π1(G) torsion free. We rst show how the twists arising in the Freed-Hopkins-
Teleman K-theory and the twists arising in elliptic cohomology reduce to the same data, namely
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a bilinear map I : Ť × Ť −→ Z. Then we study the I-twisted K-theory K I (G//Gc), where the
superscript c denotes that G acts on itself by conjugation. We identify K I (G//Gc) with a group
ofWa-equivariant maps and describe the relation to representations of loops groups via the Kac
character formula.
3.1 Twists in Elliptic Cohomology and K-theory
Recall from Section 2.1 that the twists of elliptic cohomology arising from a degree four class
ξ ∈H4(BG;Z) produce a bilinear map
I : Ť × Ť −→Z.
We show that the twists arising from the G-equivariant K-theory of Freed-Hopkins-Teleman
over the complex numbers as discussed in [FHT08] also produce such a map. Throughout this
section, all cohomology groups are with complex coecients unless otherwise noted. Twists in
Gc-equivariant K-theory of G correspond to class [ζ] ∈ H3G(G;Z) ×H
1
G(G;Z/2). Since we are
working over the complex numbers the group H1G(G;Z/2) vanishes. We are left to consider the
integral class [ζ] ∈H3G(G;Z) that satises the following atness condition: the restriction of [ζ]
toH3(T ;C) is trivial. The twists ζ considered in [FHT08] are also non-degenerate in the following
sense: the restriction to
H2(BT )⊗H1(T ) ⊂H3T (T )
has full rank when viewed as a C-linear map
H2(BT ) −→H1(T ).
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The following equivalences show how [ζ] ∈H3G(G;Z)⊗C produces a map H2(BT )→H
1(T )
[ζ] ∈H3G(G;Z)⊗C
res∗−→H3T (T ) =H
3(BT ×T T )





(H2(BT ), Hom(H1(T ),C)) ' HomC(H2(BT ),H1(T )).
So the class [ζ] is sent to a map l : H2(BT ) → H1(T ) such that dim Im(l) = dimC(H1(T )) as
complex vector spaces. Now since H2(BT ) is the complex dual of H2(BT ) and we have the
identications H2(BT ;Z) ' T̂ and H1(T ;Z) ' T̂ , we can write the map l as
l : Ť ⊗C −→ T̂ ⊗C.
This is the complexied adjoint of a map I : Ť × Ť −→Z. This is our reason to call the K-theory
twisted by a class ζ as I-twisted K-theory.
The map I can arise in another way which incorporates the connection between loop groups
and K-groups. In Example 2.30 in [FHT11], Freed-Hopkins-Teleman observe that a central ex-
tension of the loop group
T −→ L̃G −→ LG
denes a twisting of theG-equivariantK-theory ofG. Central extensions of LGwhenG is simple
and simply connected are classied by an inner product on t whose restriction to Ť is integral
(see Chapter 4 of [PS86]). Then I : Ť × Ť −→Z is the restriction of the inner product to Ť ⊂ t.
3.2 An Identication of K I(G//Gc)
We give a more geometric description of theK-theory twists for the quotient groupoidX = G//Gc.
As dened in Section 2 of [FHT11], a K-theory twist of X is determined by an isomorphism class
15




a groupoid X by T
)
' Ȟ2(X•;T )
where X• is the nerve of a groupoid X. These isomorphism classes are presented by cocycles in





























and an associativity diagram of line bundles over X3.
From the following short exact sequence of sheaves
0→Z→R→ T → 1
we have the following isomorphism
Ȟ2(X•;T ) ' Ȟ3(X•;Z).
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Finally, since we are considering the case X = G//Gc we have
Ȟ3(G//Gc;Z) 'H3(EG ×Gc G;Z),
so the twists described here correspond to the twists classied by H3G(G;Z). In general, Freed-
Hopkins-Teleman consider graded central extensions of X where the grading corresponds to a
class in H1(X;Z/2).
This point of view allows us to consider the restriction of a twist [ζ] to the groupoid {e}//G.
This corresponds to a central extension
T −→ G̃ −→ G
which splits by Lemma 4.1 in [FHT11]. Further restricting to {e}//T corresponds to a central
extension
T
i−→ T̃ π−→ T . (3.1)
Let Λ̃ denote the set of splittings of the central extension (3.1) above or equivalently the characters
λ of T̃ such that the composition
T
i−→ T̃ λ−→ T
is the map z 7→ z±1.
We now describe how the cocharacter lattice, Ť , acts on Λ̃. Resolving the above short exact













Ť // t // T
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Ť // t // T
λ
\\
The splitting determines a central extension of Ť by Z as groups. This is classied by a class in
H2gp(Ť ;Z) which corresponds to a map I : Ť × Ť →Z satisfying the following cocycle condition
I(m,k)− I(n+m,k) + I(n,m+ k)− I(n,m) = 0
for n,m,k ∈ Ť . A splitting λ ∈ Λ̃ of the central extension T −→ T̃ −→ T is of the form
λ : x 7→ (x,xλ)
for x ∈ T , λ ∈ T̂ and where xλ = xλ11 x
λ2
2 · · ·x
λn
n . Extending this to the universal cover we can get
a map λ : t→ t×R given by
λ : v 7→ (v,λv)
where λv = λ1v1 +λ2v2 + · · ·+λnvn. The action of Ť on t is by translation. We can lift this action
to t×R using λ and the map I :
m · (v,λv) = (v +m,λv + I(m,v)).
This gives an action of Ť on elements λ ∈ Λ̃:
m ·λ : x 7→ (x,xλ+Ĩ(m))
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where Ĩ is the adjoint of the map I : Ť × Ť →Z.
We use the following identication of twisted K-groups which is Theorem 4.27 in [FHT11].
This makes the explicit calculations relating K-theory to representation of loop groups possible.
Theorem 3.2.1. Let G compact connected Lie group of rank n with π1(G) torsion free, then
K I,n(G//Gc) ' FuncWa(Λ̃,H
n
c (t)⊗Z(ε)).
where the RHS is the group of Wa -equivariant functions. We can also identify the RHS with
Z{Λ̃/(Wa)reg}, the free abelian group on the set of free-Wa orbits in Λ̃,
Notations 3.2.2.
1. The map I corresponds to a twist classied by [ζ] ∈ H3G(G;Z)×H
1
G(G;Z/2) as discussed
in Section 3.1. Note that when G is a simple and simply connected Lie group the group




2. The action of the ane Weyl group Wa ' Ť oW on Λ̃ is given by
(m,w) ·λ = w ·λ+ Ĩ(m)
where Ĩ is the adjoint of the map I : Ť × Ť → Z. Also note that Λ̃ is non-canonically
isomorphic to T̂ after choosing a splitting of the central extension U (1) −→ T̃ −→ T .
3. The map ε :Wa→Z/2 corresponds to the restriction of [ζ] to
H1N (T ;Z/2) 'H
1(Wa ;Z/2)
and Z(ε) denotes the associated sign representation. Note that the map εW :W →Z/2 is
trivial by Lemma 4.16 in [FHT11].
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4. The group Wa acts on Hnc (t) through the action of W on t. Choosing an orientation on t
identies Hnc (t) with the sign representation of W on Z where reections act by (−1).
The group K I,n(G//Gc) is a R(G)-module. We identify this module structure using the above
isomorphism. First identify the representation ring R(G) (the W-invariant elements of the group
ring Z[T̂ ]) with the convolution algebra of compactly supported functions Homc(T̂ ,Z).




nλλ 7−→ χ : λ 7→ nλ
Proof. It is enough to show that the product in the group ring is the same as the convolution









Note that both sums are nite since these are characters of nite dimensional representations.





If we consider the image of each of these elements under the above isomorphism we get maps
χ(λ) = nλ, ψ(µ) = mµ, and χψ(ν) =
∑
λ,ν nλmµ such that ν = λµ. We see that the convolution








The algebra Homc(T̂ ,Z)W acts on FuncWa(Λ̃,H
n
c (t) ⊗Z(ε)) by convolution. We need to
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check that the W -invariant functions preserve the Wa -equivariant functions:
χ ∗ f ((m,w) · ν) = χ ∗ f (w · ν + Ĩ(m)) =
∑
λ∈T̂




χ(w ·µ)f (w · ν −w ·µ+ Ĩ(m)) =
∑
µ∈T̂








= (−1)ε(m)(−1)l(w)χ ∗ f (ν)
where χ ∈ Homc(T̂ ,Z)W , f ∈ FuncWa(Λ̃,H
n
c (t)⊗Z(ε)), (m,w) ∈ Ť oW 'Wa, and ν ∈ Λ̃.
3.3 Twists and the Looijenga Line Bundle
In this section, we want to understand how the twists in K-theory give rise to a version of the
Looijenga line bundle. Consider a class α ∈ K I,r(T //T c) where r is the dimension of T . For each













// PU (V )
where U (1) acts on T̃ by its usual character. By Lemma 4.1 in [FHT11] we know that every
central extension U (1)→ T̃ → T splits giving an isomorphism T̃ ' T ⊕U (1). So for each x ∈ T
the corresponding projective T c-representation can be trivialized to a honest T c-representation.
We can choose lifts for each x ∈ T to the Lie algebra t producing a family of projective T c-
representations parametrized by t. The translation action of Ť on t describes how this family
reassembles to a family parametrized by T . Said another way, how do the groups K I,r(t//T c)
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reassemble under the Ť -action to give K I,r(T //T c). Understanding this provides the descent data
for a Looijenga line bundle on T × T .
Our analysis depends on the identications for the twisted K-groups made in Section 3.2
K I,r(T //T c) ' FuncŤ (Λ̃,Z(ε))
K I,r(t//T c) ' Homc(Λ̃,Z)






K I,r({v}//T c) K I,r({v +n}//T c)
where v ∈ t and n ∈ Ť . Writing out the Ť -action above tells us how elements in K I,r({v}//T c)
and K I,r({v +n}//T c) are related.
We can think of an element f ∈ K I,r(t//T c) ' Homc(Λ̃,Z) as a function that gives the multi-
plicity of a character λ ∈ Λ̃ of the split central extension T̃ ' T ⊕U (1)
f : λ 7→ nλ
Recall from Section 3.2 that Ť acts on Homc(Λ̃,Z) through its action on Λ̃:
m ·λ = λ+ Ĩ(m)
for m ∈ Ť . For a function f ∈ Homc(Λ̃,Z) to be Ť -equivariant we would require that
nλ+Ĩ(m) = f (m ·λ) =m · f (λ) = (−1)
ε(m)nλ. (3.2)
Now form ∈ Ť let ρv and ρv+m be two projective T c-representations associated to v and v+m in
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t respectively. The projective representation ρv lifts to an ordinary representation ρ̃v of T ⊕U (1)






where x ∈ T and z ∈ U (1). Using the Ť -action on Λ̃ we can write out the character of the






Finally we can use the Ť -equivariance condition from Equation (3.2) to rewrite the character for











Equation (3.3) gives the descent condition for a Looijenga line bundle L(I) over T × T . Ex-
plicitly we can dene L(I) by
L(I) = t× t×C
(v,u,z) ∼ (v +n,u +m,zexp(2πiI(v,m)))
for n,m ∈ Ť .
3.4 Distributions
Following Freed-Hopkins-Teleman in [FHT11], for each f ∈ HomWa(Λ̃,H
n
c (t)⊗Z(ε)) we dene
a distribution δf on T̃ by dening its value on its characters λ ∈ Λ̃
δf (λ) = f (λ).
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Note that since δf is a distribution it is a linear functional over C:
δf (zλ+µ) = zδf (λ) + δf (µ)
for any z ∈C and λ,µ ∈ Λ̃.
Warning 3.4.1. The lattice Λ̃ 'Zn is not a complex vector space since it is not closed under scalar
multiplication. The expression zλ+ µ lives in the complex vector space Func(T̃ ,C) where “ + ”
denotes vector addition, not the group operation in Λ̃. In particular, we are not claiming that f
is a group homomorphism.
We can also calculate the Fourier expansion of the distribution
δf :
(










for x ∈ T̃ .
It will be helpful to understand what the value of the distribution is on a function g : T̃ →C.
Proposition 3.4.3 gives a formula which is a nite sum, but for now we can understand the general
form of these formulas by considering the following



















A character χ of a representation ofG is a function on T ⊂ T̃ . Therefore, we dene the action
of χ on δf by convolution between a compactly supported function and a distribution.
χ · δf (ν) = χ ∗ δf (ν) = δf (χ ∗ ν) = δf (ν ·χ). (3.5)
24
This follows from Lemma 3.2.3.
We now import some notation from [FHT11] in order to state Proposition 3.4.3 which is
Proposition 4.32 in [FHT11].
Recall that the restriction of the map ε : Ť oW 'Wa −→ Z/2 to W is trivial. We focus on





εŤ ∈ T̂ ⊗R/Z.
Freed-Hopkins-Teleman think of Ť as the character group of T̂ ⊗R/Z, therefore they dene the
function εŤ : Ť →Z/2 by the evaluation of characters on λε
εŤ (π) = π(λε) (3.6)
for π ∈ Ť . Using the map Ĩ : Ť → T̂ we get a map
Ĩ ⊗ id : T ' Ť ⊗R/Z −→ T̂ ⊗R/Z
Let F denote the kernel of Ĩ ⊗ id, let Fε denote the inverse image of λε under Ĩ ⊗ id, and let
FI = T̂ / Ĩ(Ť ). Finally, let the subsets Fε,reg ⊂ Fε and FIreg ⊂ FI consist of the elements on which
W acts freely.
Remark 3.4.2. Following Freed-Hopkins-Teleman, in the proof of Proposition 3.4.3 we write the
Ť -equivariance of f as f (π ·λ) = ε(π)f (λ) for π ∈ Ť and the group operation in T̂ multiplica-
tively, as λµ. Later in this chapter when we work out a number of examples, we write the group
operation in T̂ additively, unless there is a possibility of confusing it with the addition operation
in the complex vector space Func(T̃ ,C). In that case, we write it multiplicatively.
Proposition 3.4.3. For f ∈ FuncWa(Λ̃,H
n
c (t)⊗Z(ε)) the value of the distribution δf on a function
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Proof. The proof proceeds in two steps. In the rst step we suppose that
f ∈ FuncŤ (Λ̃,H
n
c (t)⊗Z(ε)) ' FuncŤ (Λ̃,Z(ε))







First we check that the RHS of (3.7) is well dened under the action of Ť on T̂ . For x ∈ Fε and
π ∈ Ť consider
f (π ·λ)(π ·λ)−1(x)g(x) = ε(π)f (λ)π−1(x)λ−1(x)g(x)
= ε(π)f (λ)ε(π−1)λ−1(x)g(x)
= f (λ)λ−1(x)g(x).
The term f (λ)λ−1(x)g(x) only depends on the Ť -coset of λ. By the linearity of the form of δf
we need to consider only the simplied case
δf = λ
−1 · δŤ ,
for a xed λ ∈ T̂ . We can think of this as the distribution δf where the function f is dened by
f (x) =
















ε(π)π−1 = λ−1 · δ̂Ť






By the denition in Equation (3.6), for η ∈ Ť we have










































Now suppose g ∈ Λ̃, then






which proves the desired formula for step 1.




Note that if λ ∈ FI is xed by a non-identity element in W then it is xed by an element w ∈W
which is a reection in t. Then by Weyl equivariance, we have
f (λ) = f (w ·λ) = w · f (λ) = (−1)l(w)f (λ) = −f (λ)






























3.5 The Fusion Ideal
Denition 3.5.1. Let Jζ ⊂ R(G) be the ideal consisting of virtual representations whose charac-
ter vanishes on the elements of Fε,reg. We call Jζ the fusion ideal.
Corollary 3.5.2. The fusion ideal annihilates K I,n(G//Gc).
Proof. Let χ be the character for an element in the fusion ideal Jζ . Then by the action dened in
Equation (3.5) we have





f (λ)λ−1g(x)χ(x) = 0.
Proposition 3.5.3. The R(G)-module K I,n(G//Gc) is cyclic.










Then the elements a(λ) ∗ δŤ span FuncWa(Λ̃,H
n
c (t) ⊗Z(ε)). Let ρ denote 1/2 the sum of the










is a character of an irreducible representation. Therefore a(ρ) ∗ δŤ is an R(G)-module generator
for K I,nG (G).
Corollary 3.5.4. Let U ∈ K I,n(G//Gc) be the class corresponding to a(ρ) ∗δŤ . Then the mapmul-
tiplication by U
R(G)/Jζ −→ K I,n(G//Gc)
is an isomorphism of R(G)-modules.
Proof. The map factors through the quotient Jζ by Corollary 3.5.2 and is surjective by Proposition
3.5.3. The result follows since both sides are free of rank equal to the number of free-Wa orbits
in Λ̃.
3.6 The Case G = SU (2)
We now do some explicit calculations in the case G = SU (2) for a number of dierent twists
ζ ∈H3G(G;Z) 'Z. In this case the ane Weyl group has the following presentation
Ť oW 'ZoΣ2 =
{
(1, e), (0,σ ) | (0,σ )2 = (0, e) and (0,σ )(1, e)(0,σ ) = (−1, e)
}
After choosing a twist ζ ∈ Z, we use the following identications: Λ̃ ' Λ ' Z. Also, since G is
simple and simply connected in this case, H1G(G;Z/2) = 0 and the map ε :Wa→Z/2 is trivial.
The map Ĩ : Ť → Λ is given by Ĩ(m) = 2ζm. Therefore the action of Wa ' Ť oW on Λ̃ is
given by
(m,w) ·λ = w ·λ+ 2ζm




is equal to the number of irreducible representations of LG of level ζ − 2.
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(i) Let ζ = 1 and let (m,w) ∈ Ť oW ' ZoΣ2 and n ∈ Λ̃ ' Λ ' Z. Then the Wa -action on
Λ̃ is given by
(m,w) ·n = (w ·n+ 2m).
There are two Wa -orbits in Λ̃:
Ω0 = {. . . ,−4,−2,0,2,4, . . .}
Ω1 = {. . . ,−3,−1,1,3, . . .}
We can see that neither of these orbits are free since
(0,σ ) · 0 = 0




c (t)⊗Z(ε)) ' FuncWa(Λ̃,H
n
c (t)⊗Z).
The above isomorphism holds since the map ε : Wa → Z/2 is trivial in this case. By
choosing an element in eachWa -orbitΩ1 andΩ2, we can see that there are no non-zero
Wa -equivariant functions
f (0) = f ((0,σ ) · 0) = (−1)l(σ )f (0) = −f (0)
which implies that f (0) = 0. And similarly,
f (1) = f ((1,σ ) · 1) = (−1)l(σ )f (1) = −f (1)
implying f (1) = 0. So when ζ = 1, we note thatK I,n(G//Gc) corresponds to representations
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of level -1.
(ii) Now let ζ = 2. The Wa -action on Λ̃ is given by
(m,w) ·n = (w ·n+ 4m).
Now there are three Wa -orbits in Λ̃:
Ω0 = {. . . ,−4,0,4, . . .}
Ω1 = {. . . ,−5,−3,−1,1,3,5, . . .}
Ω2 = {. . . ,−6,−2,2,6, . . .}
Since
(0,σ ) · 0 = 0
(1,σ ) · 2 = (σ · 2 + 4) = −2 + 4 = 2




By choosing an element in each Wa -orbit we see that
f (0) = f ((0,σ ) · 0) = (−1)l(σ )f (0) = −f (0)
implies that f (0) = 0 and
f (2) = f ((1,σ ) · 2) = (−1)l(σ )f (2) = −f (2)
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implies f (2) = 0. So f (1) = 1 is a generator for the Wa -equivariant functions. Hence,
when ζ = 2, K I,n(G//Gc) corresponds to representations of level 0.
(iii) Now let ζ = 3. The Wa -action on Λ̃ is given by
(m,w) ·n = (w ·n+ 6m).
Now there are four Wa -orbits in Λ̃:
Ω0 = {. . . ,−6,0,6, . . .}
Ω1 = {. . . ,−7,−5,−1,1,5,7, . . .}
Ω2 = {. . . ,−8,−4,−2,2,4,8, . . .}
Ω4 = {. . . ,−9,−3,3,9, . . .}
Since
(0,σ ) · 0 = 0
(1,σ ) · 3 = (σ · 3 + 6) = −3 + 6 = 3




By choosing an element in each Wa -orbit we see that
f (0) = f ((0,σ ) · 0) = −f (0)
f (3) = f ((1,σ ) · 3) = −f (3)
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implying f (0) = f (3) = 0. So f (1) = 1 and f (2) = 1 are two possible generators for the
Wa -equivariant functions. Hence, when ζ = 3, K I,n(G//Gc) corresponds to representa-
tions of level 1.
(iv) When ζ = 4 the Wa -action on Λ̃ is given by
(m,w) ·n = (w ·n+ 8m).
and the ve Wa -orbits in Λ̃ are:
Ω0 = {. . . ,−8,0,8 . . .}
Ω1 = {. . . ,−− 9,−7,−1,1,7,9, . . .}
Ω2 = {. . . ,−10,−6,−2,2,6,10, . . .}
Ω4 = {. . . ,−11,−5,−3,3,5,11, . . .}
Ω5{. . . ,−12,−4,4,12, . . . }




So when ζ = 4, K I,n(G//Gc) corresponds to representations of level 2.
(v) Finally we consider the general case, when ζ = h+ 2. The Wa -action on Λ̃ is given by
(m,w) ·n = (w ·n+ (2h+ 4)m).
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The (ζ + 1) Wa -orbits in Λ̃ are:
Ω0 = {. . . ,−2h− 4,0,2h+ 4, . . .}
Ω1 = {. . . ,−2h− 5,−2h− 3,−1,1,2h+ 3,2h+ 5, . . .}
...
Ωζ−1 = {. . . ,−3h− 5,−h− 3,−h− 1,h+ 1,h+ 3,3h+ 5, . . .}
Ωζ = {. . . ,−3h− 6,−h− 2,h+ 2,3h+ 6, . . .}




So, when ζ = h+ 2, K I,n(G//Gc) corresponds to representations of level h.








(−1)l(w)w ·λ = λ−λ−1.
Then by the convolution action dened in Equation (3.5) we have
a(λ) ∗ δŤ (ν) = δŤ (a(λ) ∗ ν) = δŤ (ν · a(λ))
= δŤ (νλ− νλ
−1) = δŤ (νλ)− δŤ (νλ
−1) = f (νλ)− f (νλ−1)









1 if ν −λ = π ·λ for some π ∈ Ť
0 else
(i) If ζ = 1 and l ∈ Ť then ν +λ = l ·λ = λ+ 2l if and only if ν = 2l. Therefore,
f (νλ) =

1 if ν is even
0 else
Similarly, for m ∈ Ť , ν −λ =m ·λ = λ+ 2m if and only if ν = 2(λ+m). So,
f (νλ−1) =

1 if ν is even
0 else
and a(λ) ∗ δŤ (ν) = 0 for all ν ∈ Ť .
(ii) If ζ = 2, ν +λ = l ·λ = λ+ 4l if and only if ν = 4l. Therefore,
f (νλ) =

1 if 4 | ν
0 else
Similarly, ν −λ =m ·λ = λ+ 4m if and only if ν = 2(λ+ 2m). So,
f (νλ−1) =





a(λ) ∗ δŤ (ν) =

−1 if ν is even and 4 - ν
0 else
So a(λ) ∗ δŤ is non-zero on the Ť -orbit
O0 = {. . . ,2,6,10,14,18,22, . . .}.
(iii) If ζ = 3, ν +λ = l ·λ = λ+ 6l if and only if ν = 6l. Therefore,
f (νλ) =

1 if 6 | ν
0 else
Similarly, ν −λ =m ·λ = λ+ 6m if and only if ν = 2(λ+ 3m). So,
f (νλ−1) =

1 if ν is even
0 else
Hence,
a(λ) ∗ δŤ (ν) =

−1 if ν is even and 6 - ν
0 else
So a(λ) ∗ δŤ is non-zero on the Ť -orbits
O0 = {. . . ,2,8,14,20, . . .}
O0 = {. . . ,4,10,16 . . .}.























Example 3.6.4. We show that the number of generators of the fusion ring R(G)/Jζ is equal to
the number of irreducible representations of LG of level ζ − 2. We also show that an alternate
construction of the fusion ideal Jζ(SU (2)) given by Meinrenken in [Mei11] corresponds to the
one in [FHT11].
Recall that the representation ring of SU (2) can be identied with
R(SU (2)) 'Z[L,L−1]W 'Z[ρ1]
where ρ1 = L+L−1. An additive basis for the representation ring is given by
ρk = L
k +Lk−2 + · · ·+L−k
for k ≥ 0. The product rule is given by
ρkρl = ρl+k + ρl+k−2 + · · ·+ ρl−k
for k ≤ l. Following Meinrenken in [Mei11], we note that the ideal Jζ(SU (2)) is generated by
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the character ρτ−1. Therefore, level 1 representations of LG correspond to the quotient
R(SU (2))/I3(SU (2)) 'Z[ρ1]/(ρ21 − 1) 'Z{1,ρ1}
and level 2 representations correspond to
R(SU (2))/I4(SU (2)) 'Z[ρ1]/(ρ31 − 2ρ1) 'Z{1,ρ1,ρ
2
1}.
Meinrenken gives another description of the fusion ideal Jζ(SU (2)). Let q be a 2ζth root of
unity, q = eiπ/ζ , then Jζ(SU (2)) ⊂ R(SU (2)) is the ideal of all characters vanishing at all points
qk for k = 1, . . . ,ζ − 1. When ζ = 3, Jζ(SU (2)) is the ideal of all characters vanishing on the
points P = {eiπ/3, e2iπ/3}.
This coincides with the denition in [FHT11]: Jζ(SU (2)) is the ideal of characters that vanish
on Fε,reg. When ζ = 3,
Fε,reg = {eiπ/3, e2iπ/3, e4iπ/3, e5iπ/3}.
Suppose χ ∈ R(SU (2)) is a character that vanishes on all the points in P then
χ(e4iπ/3) = χ(e2iπ/3)χ(e2iπ/3) = 0
χ(e5iπ/3) = χ(eiπ/3)χ(e4iπ/3) = 0
so χ also vanishes on all the points in Fε,reg.
3.7 The Relationship to the Kac Character Formula
Here we directly connect the elements f ∈ FuncWa(Λ̃,H
n
c (t)⊗Z(ε)) to the Kac character formula
for representations of loop groups. The following is Proposition 6.9 of [FHT08].
Proposition 3.7.1. At q = 1, the numerator above is the Fourier expansion of aWeyl anti-invariant
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combination of δ-functions on T supported on the regular points on F.
We work out the details in the case whereG = SU (2). Letχ be the character of the irreducible
representation of LGoTrot corresponding to the lowest weight ~λ = (0,−λ,h) ∈ T̂rot × T̂ × T̂cent .
Notation 3.7.2. For 0 ≤ λ ≤ h = ζ − 2, the functions f (λ+ 1) = 1 generate
FuncWa(Λ̃,H
n
c (t)⊗Z) ' K I,n(G//Gc).









(1− z2qk)(1− qk)(1− z−2qk)
where (t, z,q) ∈ Trot × T ×Tcent .
Now we explicitly work out Proposition 3.7.1 when G = SU (2):




be the function that vanishes o the free Wa -orbit
Ωl = {. . . ,−2h− 4− l,−2h− 4 + l,−l, l,2h+ 4− l,2h+ 4 + l, . . .}
for 1 ≤ l ≤ ζ − 1 = h+ 1 and with f (l) = 1. We reindex the above set by letting l = λ+ 1. Then
for 0 ≤ λ ≤ h = ζ − 2 we can rewrite Ωl as
Ωλ+1 = {. . . ,−2h− 5−λ,−2h− 3 +λ,−λ− 1,λ+ 1,2h+ 3−λ,2h+ 5 +λ, . . .}.
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Let δf be the distribution on T̃ such that
δf (µ) = f (µ)








Since f vanishes o of Ωλ+1 and f (λ+ 1) = 1, for m ∈Z
(2h+ 4)m+λ+ 1
−(2h+ 4)m−λ− 1
generate all the values in Λ̃ where f , 0.















where the last equality holds since




Twisted K-Theory of Inertia Stacks
Consider the quotient orbifold X//G where G is a compact Lie group acting on a manifold X.
Denition 4.0.1. The inertia stack of X//G is the category Λ(X//G) whose objects are functors
∗//Z→ X//G
and morphisms are natural transformations between such functors.
In this chapter we construct an equivariant de Rham model for the twistedK-theory of inertia
stacks. As a warm up, we rst describe a de Rham model for ordinary equivariant K-theory as
developed by Block-Getzler [BG94], and Vergne [Ver94]. We then consider the case when G is
nite group, making the connection to Borel equivariant cohomology. Next we construct a de
Rham model for the K-theory of inertia stacks. After connecting with the equivariant K-theory
of Freed-Hopkins-Teleman by taking X = pt., we give a denition of the I-twisted K-theory of
Λ(X//G).
4.1 An Equivariant de Rham Cohomology Model for
KG(M)
In this section, we describe the work of Block-Getzler [BG94], and Vergne [Ver94]. Together they
show how the image of the delocalized equivariant Chern character (which is an isomorphism
over C) gives rise to equivariant dierential forms that satisfy certain conditions. Under the
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Cartan model for equivariant de Rham cohomology these assemble into a model for equivariant
K-theory. This model is the inspiration for the the equivariant de Rham model for the K-theory
of inertia stacks developed in Section 4.3.
We begin by stating an important denition from section 2.2 in [Ver94]. We rst set the
following notation. For h ∈ G and X ∈ Lie(C(h)), dene hε = heεX for ε ∈ R a real parameter.
Let G be a compact Lie group acting on a compact manifold M . For each h ∈ G let Mh ⊂M be
the submanifold xed by the action of 〈h〉 ⊂ G and let C(g) be the centralizer of h. Then by Block
and Getzler’s Lemma 1.3 [BG94] there exists a small open ball B around the origin in Lie(C(h))
and an ε0 > 0 in R such that for all X ∈ B and for all ε < ε0 we have the following inclusions
C(hε) ⊆ C(h) and Mhε ⊆Mh
In other words, xed point sets and centralizers can only get smaller for suciently small
deformations of elements in G.
The coecients below lie in the graded ring C[β,β−1] where β is a formal variable of degree
−2.










−1 denotes left multiplication by g .




where res∗ : ΩC(h)(Mh)→ ΩC(hε)(M
hε) is the restriction map induced by the inclusions
i :Mhε ↪→Mh and i : C(hε) ↪→ C(h).
To connect these dierential forms to equivariant K-theory we introduce the equivariant
Chern character as developed in section 4 of [BG94]. Let E be aG-equivariant vector bundle over
a compact smooth G-space M . Let (V ,ρ) be a nite dimensional G-representation. We want to
think of an equivariant G-bundle as the image of an idempotent element p ∈ C∞G (M,End(V ))
in the following sense: There exists an equivariant G-bundle E⊥ and an isomorphism E ⊕E⊥ '
M ×V , where G acts on M ×V diagonally. Then let
p : E ⊕E⊥ −→ E
be the projection map with kernel E⊥. We use this identication in the denition of the Chern
character below.
For each X ∈ g let
X 7→L E(X)
denote the innitesimal action of X on sections of E. Let ∇ be an invariant connection on E then
we dene the moment of ∇ on E as the dierential operator
µ(X) = ∇X −L E(X)
which is linearly dependent on X ∈ g. If F ∈Ω2(M,End(E)) is the curvature of ∇ then we dene
the equivariant curvature Fg ∈ C∞G (g,Ω
•(M,End(E)))[u] by
Fg(X) = uF +µ(X)
where u is a formal variable.
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In [BV85], Berline and Vergne dene the equivariant Chern character of E by
chg(E) = Tr(exp(Fg)) ∈ C∞G (g,Ω
•(M))[u].
Block and Getzler explain how this construction can be globalized to dene a section of the sheaf
Ω•(M,G). If g ∈ G we dene ChG(E)g ∈ C∞C(g) (Lie(C(g)),Ω
•(Mg))~u by
ChG(E)g(X) = Tr(ρ(g)exp(Fg))|Mg . (4.1)
These sections piece together to give a global section of Ω•(M,G)~u denoted by ChG(E).
The main theorem of this section is the following result from [Ver94].
Theorem 4.1.2. The dierential forms produced by the equivariant Chern character in Equation




satisfying the invariance and analyticity properties from denition 4.1.1.
4.2 Orbifold K-Theory for Finite Groups
Throughout this section G is a nite group. In this case we have explicit models for the inertia
stack of X//G which allow us to write the complexied K-theory of Λ(X//G) in terms of equiv-
ariant de Rham and Borel equivariant cohomology. The rst two lemmas give us useful ways to
think of the category Λ(X//G).







Proof. We rst describe the objects and morphisms in the category Λ(X//G):
1. Objects: These are functors F : ∗//Z → X//G. This corresponds to a point x ∈ X and a
element g ∈ G xing x.
2. Morphisms: Let the functors F and G correspond to the objects x ∈ Xg and y ∈ Xh respec-
tively. Then a natural transformation from F to G is a morphism in X//G
η(∗) : F(∗) = x −→ y = G(∗)












The morphism η(∗) corresponds to a element k ∈ G such that k(x) = y and naturality
translates to
(k ◦ g)(x) = (h ◦ k)(x) = y
x = g(x) = (k−1 ◦ h ◦ k)(x)
which means g = (k−1 ◦ h ◦ k) as a morphism in X//G.
Based on the above characterization of the category of Λ(X//G) one can check that the fol-






It is the identity on objects and sends a morphism k : x→ y to its inverse k−1 : y → x. So the
morphism k−1 sends a object y ∈ Xh to and object x ∈ Xk−1hk = Xg .
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where the disjoint union is over conjugacy classes of G and C(g) is the centralizer of g ∈ G.









is an equivalence of categories. First note that if x ∈ Xg and k ∈ C(g) then k(x) ∈ Xg since
g ◦ k(x) = k ◦ g(x) = k(x).
To show the inclusion is full consider two objects on the LHS, x1 ∈ Xg and x2 ∈ Xg . A morphism
on the RHS between their images under the inclusion is a element k ∈ G such that k(x1) = x2




g //C(g)). Faithfulness follows from the fact that if two morphisms
k, l ∈ C(g) ⊂ G are equal inG then they are equal inC(g). To see that the inclusion is essentially
surjective consider an object y ∈ Xh on the RHS and suppose that h ∈ [g]. So there exists a k ∈ G
such that g = k−1hk. Then there exists a x ∈ Xg such that k−1(y) = x. The image of x ∈ Xg under
the inclusion is isomorphic to y ∈ Xh on the RHS.
We are interested in understanding the following
K∗(X )⊗C 'H ∗DR(Λ(X );C[β,β
−1])
where the stack X is the inertia stack Λ(X//G). Since complex K-theory is two-periodic, we
consider two-periodic equivariant cohomology where β is a formal variable of degree −2. First
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we consider X = X//G as the quotient stack of a manifold X by a nite group G. In this case
Atiyah and Segal provide us with the following result (Theorem 2 in [AS89])




where [ ]C(g) denotes the C(g)-invariant part. Using the Chern character as described in [AS89]



















Finally using the equivalence proved in Lemma 4.2.2 we have the following
K∗(X//G)⊗C 'H ∗DR(Λ(X//G);C[β,β
−1]).
Now when X =Λ(X//G) we have
K∗(Λ(X//G))⊗C 'H ∗DR(Λ(Λ(X//G));C[β,β
−1]).
To understand the de Rham model in this case we have to understand what the double inertia
stack looks like. We have the following equivalences of categories in the case when G is nite.
















1. Objects: An object is a functor F. This data consists of a point F(∗) = x ∈ Mg which we






corresponds to an element h ∈ G xing the pair (x,g). The morphism h sends the point
x ∈ Xg to x ∈ Xh−1gh = Xg implying that h ∈ C(g). So an object in this category is a point
x ∈ Xg along with a morphism h ∈ C(g).
2. Morphisms: A morphism is a natural transformation between the functors F and G. Let
F correspond to a point x ∈ Xg along with h ∈ C(g) and let G correspond to a point






sending y ∈ Xk to x ∈ Xα−1kα = Xg satisfying the naturality condition (α ◦ h)x = (l ◦α)x.
This implies h = α−1 ◦ l ◦α as morphisms. So a morphism is a α ∈ G such that
α−1kα = g
α−1lα = h
Given this description of Λ(Λ(X//G) the above equivalence is clear.
Let C(G) ⊂ G ×G denote the set of pairs of commuting elements and let
C[G] = C(G)/ ∼
where (h,g) ∼ (h′, g ′) if there exists a k ∈ G such that kgk−1 = g ′ and khk−1 = h′ .
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where C(h,g) ⊂ G is the subgroup of elements that commute with both h and g .















The equivalence established in Lemma 4.2.4 allows us to write the de Rham cohomology of














h,g ; C[β,β−1]) (4.3)
So when G is a nite group we have the following result








4.3 Twisted K-Theory of Λ(M//G)
In this section, we construct a de Rham model for the I-twisted K-theory of Λ(M//G) over the
complex numbers, where G is a compact connected Lie group acting on a compact manifold M .
The intuition comes from Theorem 4.2.5 in the nite G case. This construction is inspired by
Vergne and Block-Getzler’s de Rham model for ordinary K-theory as described in Section 4.1.
We borrow the following notation from Section 2.2.
Notation 4.3.1. Let h1,h2 ∈ G be a pair of commuting elements, X1,X2 ∈ Lie(C(h1,h2)), and let
ε ∈ R be a real parameter. Suppose hε1 = h1eεX1 and h2 are a pair of commuting elements in G
and also that h1 and hε2 = h2e
εX2 are a pair of commuting elements in G
Let Mh1,h2 ⊂ X be the submanifold xed by the action of the closed subgroup 〈h1,h2〉 ⊂ G
generated by h1 and h2 and let C(h1,h2) ⊂ G be the closed subgroup of elements that commute
with 〈h1,h2〉. By Block and Getzler’s Lemma 1.3 [BG94] there exists a small open ball B around
the origin in Lie(C(h1,h2)) and an ε > 0 in R such that for all X1,X2 ∈ B and for all ε < ε0 we
have the following inclusions





1,h2 ⊆Mh1,h2 and Mh1,h
ε
2 ⊆Mh1,h2
In other words, xed point sets and centralizers can only get smaller for suciently small defor-
mations of pairs of commuting elements.
Denition 4.3.2. An equivariantK-theory cocycle for the inertia stackΛ(M//G) is a closed equiv-





for every pair of commuting elements h1,h2 ∈ G satisfying
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1. Invariance: For all g ∈ G let Lg :Mh1,h2 →Mgh1g
−1,gh2g





2. Analyticity: For Z ∈ Lie(C(hε1,h2)) we require
ωhε1,h2(Z) = res
∗ωh1,h2(Z + εX1)
where res∗ : ΩC(h1,h2)(M
h1,h2)→ ΩC(hε1,h2)(M
hε1,h2) is the restriction map induced by the
inclusions i :Mh
ε
1,h2 ↪→Mh1,h2 and i : C(hε1,h2) ↪→ C(h1,h2).
3. Continuity: For Z ∈ Lie(C(h1,hε2)) we require
ωh1,hε2(Z) = res
∗ωh1,h2(Z)




2) is the restriction map induced by the
inclusions i :Mh1,h
ε
2 ↪→Mh1,h2 and i : C(h1,hε2) ↪→ C(h1,h2).
Remark 4.3.3. We give an explanation as to why we think this is a reasonable denition of K-
theory. If we consider the collection of equivariant K-theory cocycles for the substack
Mh2//C(h2) ⊂Λ(M//G),
with h2 ∈ G, we recover Block-Getzler and Vergne’s equivariant de Rham cohomology model for
theC(h2)-equivariantK-theory ofMh2 (see Section 4.1). In particular, the analyticity property in
their model ofKG(M) arises by considering the substackMh//C(h) ⊂Λ(M//G) and studying how
varying h changes the dierential formωh. The analogous property in our model forKC(h2)(M
h2)
comes from considering the substack
Mh1,h2//C(h1,h2) ⊂Λ(Mh2//C(h2))
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and seeing how varying h1 ∈ C(h2) changes the dierential form wh1,h2 .
Before we consider the twisted variant, we connect with the K-theory considered by Freed-
Hopkins-Teleman in [FHT11] and [FHT08] through the following lemma.
Lemma 4.3.4. Let G be a compact connected Lie group. We have the following equivalence of
categories
Λ(∗//G) ' G//Gc
where Gc is the group G acting on G by conjugation.
Proof. This follows from working out the denition of the functor category
Λ(∗//G) = Fun(∗//Z, ∗//G)
We now incorporate the twists described in Sections 3.1 and 3.3. Recall from Section 2.2 that
an I-twisted equivariant elliptic cocycle is an equivariant elliptic cocycle that satises the Looi-
jenga transformation property. This transformation property is precisely the descent condition
for the Looijenga line bundle 2.4 dened over Ť ⊗C. We make the analogous construction in the
K-theory case. Let T ⊂ G be the maximal torus and W the Weyl group. Recall the denition of
the Looijenga line bundle in Section 3.3:
L(I) = t× t×C
(v,u,z) ∼ (v +n,u +m,exp(2πiI(v,m)))
for n,m ∈ Ť . It is a W -invariant line bundle on T × T that depends on the W -invariant bilinear
map
I : Ť × Ť −→Z.
Using this we make the following denition:
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Denition 4.3.5. An I-twisted equivariant K-theory cocycle for the the inertia stack Λ(M//G) is




(M h̃1,h̃2 ; C[β,β−1])
for every pair h̃1, h̃2 ∈ t satisfying Invariance (1) with respect to the Weyl group since we are
working relative to the maximal torus,Analyticity (2), andContinuity (3) as stated in Denition
4.3.2 along with






Example 4.3.6. We relate the equivariant de Rham model for I-twisted K-theory of Λ(∗//T )
dened above to Freed-Hopkins-Teleman’s I-twisted K-theory of T //T c, where T =U (1). Recall
from Section 3.2 that the restriction of a K-theory twist [ζ] to the groupoid {e}//T c corresponds
to a split central extension of T c by T :
T
i−→ T̃ π−→ T ,
necessarily but non-canonically split. Let Λ̃ denote the set of splittings of the above central
extension or equivalently the characters λ of T̃ such that the composition
T
i−→ T̃ λ−→ T
is the map z 7→ z±1. Then as in Section 3.2 we make the following identication:
K I (T //T c) ' FuncŤ (Λ̃,Z).
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where the Ť -action on Λ̃ is given by
m ·λ = λ+ Ĩ(m)
for m ∈ Ť and λ ∈ Λ̃.
An I-twisted equivariant K-theory cocycle for the inertia stackΛ(∗//T ) ' T //T c corresponds
to a map
T c × T −→ Poly(t,C) 'C[z]
satisfying the four properties in Denitions 4.3.2 and 4.3.5. We show how a class
f ∈ FuncŤ (Λ̃,Z)
gives rise to a map g : T c × T −→ C[z] satisfying the necessary conditions. Since T = U (1) we
make the following identications: Ť 'Z and Λ̃ 'Z. In fact for each y ∈ T we get a split central
extension
T −→ T̃y −→ Ty .
If Λ̃y is the set of splittings of the above central extension we have Λ̃ ' Λ̃y for all y ∈ T . The
function f is determined by its value on representatives for each Ť -orbit in Λ̃. If Ĩ : Ť → T̂ is the
map multiplication by k then there are k-many Ť -orbits. Let {α1,α2, . . . ,αk} be representatives
for each Ť -orbit in Λ̃ ' Hom(T̃ c,C) such that
0 = α1 < α2 < · · · < αk = k − 1.







The Invariance property is trivially satised since T is abelian. The Analyticity property is satis-
ed since each αi is a continuous group homomorphism and the Continuity property holds since
g does not depend of y. If we extend the map g to the cover t× t→ T × T , then for all n,m ∈ Ť
the Looijenga transformation property holds by













A Twisted Equivariant Chern Character
Map
In this section we propose a natural map from the twisted G-equivariant complex elliptic coho-
mology of a compact manifold M to the complexied twisted orbifold K-theory of the inertia
stackΛ(M//G). We appeal to the de Rham models for these cohomology theories as discussed in
Section 2.2 and Chapter 4 respectively. The coecients in the equivariant de Rham cohomology
are C[β,β−1] where β is a formal variable in degree −2.
To construct the map we rst extend the upper half plane H to include the origin 0 ∈C. We
denote this as H0 = H∪{0}. Now we must check that the denition for an I-twisted equivariant
elliptic cocycle still remains valid on the extended domain for τ ∈H0. Note that at the value τ = 0
it longer makes sense to call the resulting equivariant cohomology theory elliptic cohomology.
Once again we recall the following notation from section 2.2.
Notation 5.0.1. Let h1,h2 ∈ G be a pair of commuting elements, X1,X2 ∈ Lie(C(h1,h2)), and
let ε ∈ R be a real parameter. Suppose hε1 = h1eεX1 and h
ε
2 = h2e
εX2 are pairs of commuting
elements in G.
Let Mh1,h2 ⊂M be the submanifold xed by the action of the closed subgroup 〈h1,h2〉 ⊂ G
generated by h1 and h2 and let C(h1,h2) ⊂ G be the closed subgroup of elements that commute
with 〈h1,h2〉. Then by Block and Getzler’s Lemma 1.3 [BG94] there exists a small open ball B
around the origin in Lie(C(h1,h2)) and an ε0 > 0 in R such that for all X1,X2 ∈ B and for all










Now let us consider what the conditions for an I-twisted equivariant elliptic cocycle look like,
modied to set τ = 0. It would be a closed equivariant dierential form in the modied Cartan





for every pair of commuting elements h1,h2 ∈ G satisfying
1. Invariance: For all g ∈ G let Lg :Mh1,h2 →Mgh1g
−1,gh2g



















2 ↪→Mh1,h2 and i : C(hε1,h
ε
2) ↪→ C(h1,h2).






for every pair h̃1, h̃2 ∈ t
So, setting τ = 0 in the conditions for an I-twisted equivariant elliptic cocycle produces the
conditions for an I-twisted equivariant K-theory cocycle as dened in section 4.3. Note that
the Analyticity property above incorporates both the Analyticity and Continuity property for an
equivariantK-theory cocycle as appearing in Denition 4.3.2. Therefore, we propose that setting
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τ = 0 induces a map
EllIG(M) // K
I (Λ(M//G))⊗C.
As evidence for the interest of this proposal, we have the following.
Theorem 5.0.2. When M is a point, the map proposed above agrees with the Freed-Hopkins-
Teleman q = 1 map from characters of level k representations of loop groups to the distributions
associated to the twisted K-theory of G//Gc.
Proof. For every class f ∈ K I (G//Gc), Proposition 3.7.1 (Proposition 6.9 in [FHT08]) says that we
can recover the numerator of the Kac character formula at q = 1 in the following way. Recall
from Section 3.7 that δf is a distribution on T̃ such that
δf (λ) = f (λ).
for all λ ∈ Λ̃. Now if we take the Fourier expansion of a Weyl anti-invariant combination of
δ-functions we get the Kac numerator at q = 1. From Section 2.1, we know that twisted G-
equivariant elliptic cohomology of a point is isomorphic to the free abelian group generated by
the irreducible level k representations of loop groups through the Kac character formula. Since
q = exp(2πiτ), the value q=1 corresponds to τ = 0. We have shown that the map τ = 0 is
surjective. To prove injectivity, we must show that if
χv,k(t, z,1) = χu,k(t, z,1)
where χv,k(t, z,q) is the character of the level k representation corresponding to v ∈ T̂ /kĨ(Ť ),
then v = u in T̂ /kĨ(Ť ). This follows from using the Kac character formula given in Equation
(2.6).
We conclude by working out Theorem 5.0.2 in the following two examples.
Example 5.0.3. We rst work out the case of representations of LU (1) of level 1. Following
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[PS86] and Section 11 of [And00], we recall that the group LU (1) has a U (1)-split central exten-
sion
1 −→ T −→ ˜LU (1) −→ LU (1) −→ 1
called the “basic” central extension corresponding to the one irreducible representation of level
1. The associated inner product I on t induces an isomorphism
Ĩ : Ť
'−→ T̂
where Ĩ is the adjoint of I restricted to the cocharacter lattice Ť .











for v ∈ T̂ /kĨ(Ť ) and k > 0 forms a C-basis for sections of the kth-tensor power of the Looijenga
line bundle L(I,φ) or the I-twisted U (1)-equivariant elliptic cohomology of a point. By the Kac
character formula the character of the irreducible representation of level k corresponding to v is






So the one irreducible representation of LU (1) at level 1 corresponding to 0 ∈ T̂ / Ĩ(Ť ) pro-
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duces the character








Now consider the class
f ∈ K I (U (1)//U (1)c) ' FuncŤ (Λ̃,Z)
corresponding to the irreducible level 1 representation of LU (1). Here Λ̃ denotes the set of
splittings of the split central extension T → T̃ → T . Recall from Section 3.2 that the Ť action on
Λ̃ is given by
n ·λ = λ+ Ĩ(n) = λ+n
and the the Ť action on Z is trivial. The class f is determined by its value on 0 ∈ Λ̃ ' T̂ . We set
f (0) = 1. As dened in Section 3.7, let δf be the distribution on T̃ such that δf (µ) = f (µ) and








for x ∈ T̃ . Since the Weyl group is trivial in this case, δf is trivially Weyl anti-invariant. Since






















is precisely the Fourier expansion of δf associated to the class f ∈ K I (U (1)//U (1)c).
Example 5.0.4. We now work out the case of the level 1 representation of LSU (2) corresponding
to lowest weight ~λ = (0,−1,1) ∈ T̂rot × T̂ × T̂cent . This is referred to as the basic representation
of LSU (2). After identifying Ť 'Z we can dene
I(x,y) = 2xy and φ(x) = x2.





for v ∈ T̂ /kĨ(Ť ) and k > 0 forms a C-basis for sections of the kth-tensor power of the Looijenga






Recall the following notation from Section 2.1. For each v ∈ T̂ /kĨ(Ť ) we dene a Weyl anti-













Now we recall the Kac character formula:
χv,k(t, z,q) = t
kAv+ρ,k+ȟ/A
where ȟ is the dual Coexter number. In our case p = 1 and ȟ = 2. Therefore we can write the











Now consider the class
f ∈ K I (SU (2)//SU (2)c) ' FuncWa(Λ̃,H
n
c (t)⊗Z)
corresponding to the basic representation of LSU (2). This corresponds to the twist ζ = 3 in
H3SU (2)(SU (2)) ' Z because of the ȟ-shift. Recall from Section 3.2 that the Ť action on Λ̃ is
given by
n ·λ = λ+ Ĩ(m) = λ+ 2ζm
and the the Ť action on Z is trivial. The function f vanishes o the free Wa-orbit
Ω2 = {. . . ,−8,−4,−2,2,4,8, . . .}.
in Λ̃. Therefore, f is determined by its value on 2 ∈ Λ̃ ' Z. We set f (2) = 1. As dened in










for x ∈ T̃ . Since f (2) = 1 and f vanishes o of the orbit Ω2, the values
6m+ 2 and − 6m− 2
for m ∈ Z generate all the non-zero values of f by Wa -equivariance. Since −δf is Weyl anti-















where the last equality holds since
f (−6m− 2) = −f (6m+ 2) = −1
by Weyl-equivariance. Under the map q = 1 (τ = 0), the numerator of the character χ1,1(t, z,1)
is precisely the above Fourier expansion.
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